Abstract. We introduce formulae of Frobenius-Schur indicators of simple objects of Tambara-Yamagami categories. By using techniques of the Fourier transform on finite abelian groups, we study some arithmetic properties of indicators.
Introduction
At first Frobenius-Schur indicators were introduced in the group theory to determine whether a given irreducible representation admits a symmetric or a skewsymmetric invariant bilinear form. After that the theory of indicators were generalized to semisimple Hopf algebras by Linchenko and Montgomery [11] and to semisimple quasi-Hopf algebras by Mason and Ng [12] .
Since representations of a (quasi-)Hopf algebra form a monoidal category, it is natural to consider any categorification of the theory of Frobenius-Schur indicators. Ng and Schauenburg developed the theory of Frobenius-Schur indicators in linear pivotal categories, which are linear monoidal categories equipped with certain additional structures, see [16] and [17] . They defined the n-th Frobenius-Schur indicator ν n (V ) of an object V of such categories to be the trace of certain linear automorphism on Hom(1, V ⊗n ), where 1 is the neutral object. Now, it is interesting to obtain formulae for indicators of objects of categories that are not coming from Hopf algebras. In this paper, we introduce closed formulae for indicators of objects of Tambara-Yamagami categories [21] , which are a wellstudied class of semisimple linear pivotal categories. We also study properties of indicators and give some applications of our formulae. This paper is organized as follows. In Section 2, we recall definitions and results from the theory of monoidal categories and Frobenius-Schur indicators. We also introduce techniques of the Fourier transform, which will be important tools for analyzing arithmetic properties of indicators.
In Section 3, we recall the definition of Tambara-Yamagami categories (Definition 3.1) and determine all Frobenius-Schur indicators of all simple objects. Our formulae of indicators (Theorem 3.3 and 3.4) seem to be of complicated forms, however, by using techniques of the Fourier transform, it turns out that values of indicators are very familiar form, see Theorem 3.5.
For a pivotal fusion category C, the author [9] has introduced the symbol ν n (C) as a certain weighted sum of n-th Frobenius-Schur indicators of simple objects of C. In Section 4, we study ν n (C) for Tambara-Yamagami categories C. We also argue and give some partial results on Frobenius theorem for C (see Definition 4.3), which is motivated by the classical theorem of Frobenius.
Kashina, Montgomery and Ng in [7] mentioned whether there exists a semisimple Hopf algebra such that the trace of its antipode is zero. In Section 5, as an application of our result, we give such examples. Note that, if C is the category of representations of a semisimple Hopf algebra H, the above ν 2 (C) is equal to the trace of the antipode. By using our results, we can easily get fusion categories C with ν 2 (C) = 0. Combining this observation with Tambara's result [20] on fiber functors on Tambara-Yamagami categories, we obtain semisimple Hopf algebras with the traceless antipode.
In Section 6, as computational examples, we determine Frobenius-Schur indicators of objects of Tambara-Yamagami categories associated with finite vector spaces. They are expressed explicitly by using several Legendre symbols. We see that all such categories can be distinguished by using Frobenius-Schur indicators.
Preliminaries
Throughout this paper, we work over the field C of complex numbers. Every linear category is assumed to be with finite-dimensional Hom-spaces (over C). Unless otherwise noted, functors between C-linear categories are always assumed to be C-linear. We denote by µ n the set of n-th roots of unity in C. The set of all roots of unity is denoted by µ ∞ in C.
All (quasi-)Hopf algebras are assumed to be finite-dimensional over C. We denote by Rep(H) the C-linhear monoidal category of finite-dimensional representations of a quasi-Hopf algebra H.
Fusion categories.
We will freely use the basic theory of monoidal categories. The reader may refer to [2] , [4] , [8] and [14] for related topics. However, for reader's convenience, we recall some definitions and facts in this subsection.
First we fix some conventions. Let C be a monoidal category. The associativity constraint is denoted by Φ X,Y,Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z). The left dual object of V ∈ C is denoted by V * if it exists. The evaluation and the coevaluation are usually denoted by d V : 1 → V ⊗ V * and b V : V * ⊗ V → 1, where 1 denotes the unit object of C.
Suppose that C is left rigid, that is, every object of C has a left dual. Then the assignment V → V * * gives rise to a monoidal functor (−) * * : C → C. A pivotal structure on C is an automorphism j : id C → (−) * * of monoidal functors. A pivotal category is a rigid monoidal category equipped with a pivotal structure. Given such a j, the (right) pivotal trace of f : V → V in C is defined and denoted by
We call pdim j (V ) = ptr j (id V ) the (right) pivotal dimension of V ∈ C. We will often omit the subscript j when it is obvious. A pivotal structure j is spherical [3] if ptr j (f ) = ptr j (f * ) for every f . A spherical category is a rigid monoidal category equipped with a spherical pivotal structure.
Let Irr(C) denotes the set of representatives of isomorphism classes of an (skeletally small) abelian category C. A fusion category is a C-linear semisimple abelian rigid monoidal category C with finite Irr(C) such that the unit object 1 ∈ C is simple and End(V ) ∼ = C for every V ∈ Irr(C). Until the end of this subsection, we assume C to be a fusion category. Then, a pivotal structure j on C is spherical if and only if pdim j (V ) ∈ R for every V ∈ Irr(C).
The Frobenius-Perron dimension of V ∈ C, denoted by FPdim(V ), is the largest real eigenvalue of the left multiplication of V on the Grothendieck ring K(C). A canonical pivotal structure is a pivotal structure j on C such that pdim j (V ) = FPdim(V ) for every V ∈ C. Such a structure exists if and only if C is pseudounitary in the sense of [4] .
We denote by Z(C) the left Drinfeld center of C (which has as objects the pairs (V, e V ) of an object V ∈ C and a left half-braiding e V : V ⊗ (−) → (−) ⊗ V ). Also Z(C) is a fusion category, under our assumption that C is a fusion category. The assignment (V, e V ) → V extends to a monoidal functor Z(C) → C. This functor has a two-sided adjoint I : C → Z(C) such that
Given a pivotal structure j on C, one can define a pivotal structure J on Z(C) so that pdim J ((V, e V )) = pdim j (V ). The induced structure J is spherical if and only if so is j. Note that there exists a bijection between twists (in the sense of [8, Definition XIV.3.2]) of a braided fusion category and spherical pivotal structures on it. Therefore Z(C) is naturally a ribbon category if C is a spherical fusion category.
2.2.
Frobenius-Schur indicators. Let C be a rigid monoidal category. For an object V ∈ C, define V ⊗n ∈ C inductively by
It is well-known that there exist isomorphisms
. Now we suppose that C has a pivotal structure j. Then linear automorphisms E
where Φ is the associativity isomorphism V ⊗(n−1) ⊗V → V ⊗n . The n-th FrobeniusSchur indicator ν n (V ) of V ∈ C is given and denoted by
where Tr means the usual trace of linear maps.
Suppose that C is a spherical fusion category. Then, as remarked above, also Z(C) is spherical and it has a canonical twist θ. Ng and Schauenburg showed that
where dim(C) is the global dimension in the sense of [4, Definition 2.2] and I is a two-sided adjoint of the forgetful functor Z(C) → C. In view of (1), we have
2.3. Bicharacters of finite abelian groups. We recall some definitions from the group theory. A bicharacter of an abelian group A is a map χ : A × A → C × that is multiplicative in each variable. It is said to be symmetric if χ(a, b) = χ(b, a) for all a, b ∈ A, and is said to be alternating if χ(a, a) = 1 for all a ∈ A.
Let χ be a bicharacter of a finite group A. It is clear that χ(a, b) ∈ µ n , where n is the greatest common divisor of the order of a and that of b. In particular, χ takes values in µ N , where N is the exponent of A, that is, the least common multiple of orders of all elements of A Suppose that A is finite. Then the group of C-valued characters of A is denoted by A ∨ . Given a bicharacter χ of A, a group homomorphism
The radical of χ is defined and denoted by
By the orthogonality relation of characters, we have
We say that χ is non-degenerate if Rad(χ) is trivial.
Recall that a bicharacter of A is a coboundary if and only if it is symmetric (see, e.g., [10] ). This means that, if χ is a symmetric bicharacter of A, there exists a function ρ :
Throughout this paper, the set of such functions is denoted by C(χ). We note that A ∨ acts freely and transitively on C(χ) by the multiplication of functions on A. In particular, |C(χ)| = |A ∨ | = |A|. Letting a = b = 1 in (5), we have ρ(1) = 1. By induction on k, we have
This formula yields that ρ takes values in µ ∞ . In fact, if a n = 1, then
Note that a n = 1 does not imply ρ(a) n = 1 in general. We will encounter such an example in Section 6. Provided that |A| is odd, a n = 1 implies ρ(a) n = 1. In this paper, we mean by a pseudo-metric group 1 a pair (A, χ) of a finite abelian group A and a symmetric bicharacter χ of A.
Pseudo-metric groups form a category, say PMG. We call an isomorphism in this category isometry. We say that two symmetric bicharacters χ 1 and χ 2 of A are isometric if (A, χ 1 ) and (A, χ 2 ) are isometric.
Given a finite number of pseudo-metric groups, we can define their product in an obvious way. Let (A, χ) be a pseudo-metric group and let p 1 , · · · , p m be all prime divisors of |A|. By the fundamental theorem of finite abelian groups and the Chinese remainder theorem, (A, χ) is decomposed into the product
1 Some authors call a pair (E, q) of a finite abelian group E and a non-degenerate quadratic form q : E → C × a metric group. A metric group (E, q) become a pseudo-metric group (E, χ) by letting χ = ∂q. The word "pseudo-metric" does not have any topological implication.
where A i is the Sylow p i -subgroup of A and χ i is the restriction of χ to A i .
Let χ be a symmetric bicharacter of A and let σ ∈ Gal(C/Q). Then it is obvious that also σ χ := σ • χ is a symmetric bicharacter of A. σ χ is not isometric to χ in general, however, the following lemma holds:
σσ χ is isometric to χ.
Proof. Let N be the exponent of A. Fix a primitive N -th root ζ of unity. Then there exists a map q :
Since s is relatively prime to N , the assignment a → a s gives an automorphism on A. Hence the above equation means that σσ χ is isometric to χ.
gives rise to an endofunctor F σ on PMG. In the same way as the proof of the above lemma, one can show that F σ • F σ is isomorphic to the identity functor.
2.4.
Fourier transform associated with bicharacters. Let L 2 (X) denote the vector space of C-valued functions on a finite set X. The Fourier transform on a finite abelian group A is the linear map F :
Fix a symmetric bicharacter χ of A. Set
is the linear map induced from the group homomorphism χ ♮ : A → A ∨ . We call F χ the Fourier transform associated with χ. More precisely,
If χ is non-degenerate, then F χ is bijective with the inverse operator
Note that we also deal with the case where χ is degenerate. In general, F χ is not bijective. The kernel and the image of F χ will be discussed later. It will turn out that F χ is bijective if and only if χ is non-degenerate.
is a commutative associative algebra with respect to the convolution. We denote by f * n the n-fold iterated convolution product of f ∈ L 2 (A). The following identity is well-known and easy to prove:
Let δ a ∈ L 2 (A) be the delta function at a ∈ A, that is, the function on A defined by δ a (x) = δ a,x (x ∈ A). The set {δ a } a∈A is a basis of L 2 (A). The matrix representation of F χ with respect to this basis is given as follows:
In particular,
In what follows, we study the trace of F χ . We first discuss the kernel and the image of
. Now let J := Rad(χ) and let χ be the bicharacter of A/J induced from χ. Then the following lemma can be proved by direct computation.
2 (A/J) and the kernel of F χ is that of P J . In particular, F χ is bijective if and only if χ is non-degenerate.
In view of the previous lemma, we set
Then, again by direct computation, we can verify the following lemma:
Let V λ be the eigenspace of F χ with eigenvalue λ. Since F 4 χ acts on L 2 (A/J) as identity by the above lemma, we have a decomposition
It seems to be difficult to determine r and s χ explicitly, however, we can determine the parities of them. Let
Proof. Let W λ be the eigenspace of F 2 χ with eigenvalue λ. Then we have decompo-
In what follows, we show that dim(W ±1 ) = d ± . By Lemma 2.4, we have that the restriction of F 2 χ on L 2 (A/J) is represented by the permutation matrix corresponding to the permutation σ on A/J given by σ(a) = a −1 (a ∈ A). Therefore, by easy combinatorial arguments, dim(W +1 ) = (the number of cycles in the cycle decomposition of σ) = d + .
Now we immediately have dim(W
Summarizing results in this subsection, we have the following theorem: Theorem 2.6. Let A be a finite abelian group and let χ be a symmetric bicharacter of A with radical J. Then Tr(F χ ) = |J| · (n + + n − √ −1) for some n ± ∈ Z. n + and n − satisfy the following congruence equation: 
They showed that such categories are parametrized by pairs (χ, τ ) of a non-degenerate symmetric bicharacter χ of A and a square root τ of |A| −1 . The corresponding category is denoted by T Y(A, χ, τ ) and defined as follows: Note that the bidual (−) * * is equal to the identity functor of T Y(A, χ, τ ). There exists a pivotal structure j on T Y(A, χ, τ ) determined by j a = id a (a ∈ A) and j m = sgn(τ ) id m , where sgn means the sign of a real number. This gives the canonical pivotal structure on T Y(A, χ, τ ) in the sense that the pivotal dimension with respect to j coincides with the Frobenius-Perron dimension:
Thus the global dimension of T Y(A, χ, τ ) is 2|A|.
3.2. Formula for simple objects. We compute Frobenius-Schur indicators of simple objects of T Y(A, χ, τ ). The computation of indicators of a ∈ A, which is considered as an object of T Y(A, χ, τ ), is easy and can be done as follows:
Proof. It follows from the definition that Hom(1, a ⊗n ) is C if a n = 1 and zero otherwise. Hence ν n (a) = 0 unless a n = 1. If a
given by (2) with V = a is identity, and hence ν n (a) = 1. Summarizing, we have the result.
The problem is the computation of ν n (m). Since T Y(A, χ, τ ) is not concrete, the space Hom (1, m ⊗n ) is hard to analyze. We use formula (3) to avoid this difficulty. The Drinfeld center of T Y(A, χ, τ ) is studied by some authors including Izumi [6] and Gelaki-Naidu-Nikshych [5] . We follow the formulation of [5] and obtain the following list of simple objects of the left Drinfeld center of T Y(A, χ, τ ). (Remark that they studied the right Drinfeld center in [5] .)
• X a,ε = (a, s a,ε ), parametrized by pairs (a, ε) of a ∈ A and a square root ε of χ(a, a). The half-braiding s a,ε : a ⊗ (−) → (−) ⊗ a is determined by
• Y a,b = (a ⊕ b, t a,b ), parametrized by unordered pairs (a, b) of distinct elements of A. Under the identification
• Z ρ,∆ = (m, u ρ,∆ ), parametrized by pairs (ρ, ∆) of ρ ∈ C(χ), where C(χ) is the same meaning as in Section 2, and a square root ∆ of τ a∈A ρ(a).
Let θ be the canonical twist of the left Drinfeld center Z of T Y(A, χ, τ ). Suppose that X = (V, e V ) ∈ Z is a simple object. Since the quantum trace in Z coincides with the pivotal trace in Z, θ X ∈ C is the unique element satisfying
By this observation, we have θ Xa,ε = χ(a, a), θ Y a,b = χ(a, b) and θ Zρ,∆ = ∆.
Now we have sufficient data to compute ν n (m). In what follows, let ρ denote the Fourier transform of a function ρ on A associated with χ. Theorem 3.3. If n is odd, ν n (m) = 0. Fix ρ ∈ C(χ). If n = 2k is even,
As remarked by Izumi in [6] ,
Therefore (10) can be rewritten in the following form:
The formula of this form will be used for explicit computations in Section 6.
Proof. Provided that n is odd, Hom(1, m ⊗n ) = 0, and hence ν n (m) = 0. We suppose that n = 2k is even. By (3) and the above list of simple objects, we have
Define ρ a : A → C by ρ a (x) = ρ(x)χ(x, a) −1 . Then the assignment a → ρ a gives a bijection between A and C(χ) since χ is non-degenerate. If ϕ = ρ a ,
Thus the first equality of (10) follows. By the orthogonality relation of characters,
By using this observation and (7),
Thus the second equality of (10) follows.
These formulae are useful for computations, however, it includes ρ which does not appear in the definition of Tambara-Yamagami categories. There is a closed formula consisting only of A, χ and τ , as follows:
where the sum runs through all
Proof. This follows immediately from the formula
and the second equality of Theorem 3.4.
In particular, ν 2 (m) is the sign of τ . By (8) ,
the trace of the Fourier transform associated with χ. It is natural to ask what more higher indicators mean. The author expect that higher Frobenius-Schur indicators of m can be interpreted in terms of Fourier analysis on finite groups in a natural way.
3.3. Arithmetic properties. Our formulae of indicators of m ∈ T Y(A, χ, τ ) are of complicated form. In this subsection, we study arithmetic properties of indicators of m and show the following more familiar theorem. For a finite group G and an integer n, let
χ). ξ = 0 if and only if there exists
Fix k ≥ 1. We note that the following two conditions are equivalent:
(1) There exist ρ ∈ C(χ) and a ∈ A[k] such that ρ(a) k = 1. (2) There exists a ∈ A[k] such that ρ(a) k = 1 for all ρ ∈ C(χ).
In fact, since the character group A ∨ acts transitively on C(χ) by the multiplication of functions on A, ρ(a)
. For a while, we fix a finite abelian group B and a symmetric bicharacter β of B. Let ρ ∈ C(β). If r ∈ Rad(β) and b ∈ B, then ρ(rb) = ρ(r)ρ(b). We remark that, in particular, the restriction of ρ to Rad(β) is a character of Rad(β). (a) Suppose that ρ| J is trivial. Then
Proof. We write F β (ρ) by ρ during the proof. Our proof is divided into two steps. We first prove the claim under the assumption that β is non-degenerate.
Step 1. Suppose that β is non-degenerate. Then J is trivial. Recall that ρ takes values in µ ∞ . In view of (11) , it suffices to show that ρ(1) ∈ µ ∞ . This can be proved by using Vafa's theorem ( [22] , see also [2, Theorem 3.1.19]) which states that the order of the twist of a modular tensor category is finite.
Consider the Tambara-Yamagami category C = T Y(B, β, |B| −1/2 ). Fix a square root ∆ of ρ(1) = |B| −1/2 b∈B ρ(b). Following the list of isomorphism classes of simple objects of Z(C), we obtain a simple object Z ∈ Z(C) such that θ Z = ∆, where θ is the canonical twist of Z(C). It follows from Vafa's theorem that θ Z is a root of unity, and hence so is ρ(1) = θ 2 Z .
Step 2. We now consider the general case. Let β be the non-degenerate symmetric bicharacter of B/J induced from β. By Lemma 2.3,
(a) Suppose that ρ| J is trivial. If we regard ρ as a function on B/J, then it is clear that ρ ∈ C(β). By Step 1, we have that F β (ρ) takes values in µ ∞ . Hence the result follows.
(b) Otherwise, if ρ| J is not trivial, it follows from the orthogonality relation of characters that ρ is identically zero. Thus also ρ is identically zero.
To apply the above lemma, we introduce some notations. Fix k ≥ 1. Let
Then χ k := ∂ρ k is a symmetric bicharacter of A k . χ k is not necessarily non-degenerate. Let J k denote the radical of χ k . By direct computation, we have
Now we can prove the following weaker version of Theorem 3.5.
In particular, ν 2k (m) = 0 if A is odd.
Proof. ρ k ∈ C(χ k ) by definition. By Theorem 3.3, we have
Now we can apply Lemma 3.6 to the right-hand side. Since
This ξ is zero if and only if the restriction of ρ k to J k is not trivial. This condition is equivalent to that there exists an element a ∈ A[k] such that ρ(a) k = 1.
To investigate the order of the above ξ, we introduce the following notation: For a finite abelian group B and a symmetric bicharacter β of B, we write β) is an isometry invariant of (B, β). Moreover, it is multiplicative in the following sense: If (B, β) is isometric to (B 1 , β 1 ) × (B 2 , β 2 ), we have
We first deal with the case where |A| is odd. We can prove the following lemma by using results on the trace of the Fourier transform.
Lemma 3.8. Suppose that |A| is odd. Then
Proof. A k , J k and ρ k have meanings as in the proof of Proposition 3.7. Let N be the exponent of A. Since |A| is odd, so is N . Let h = (N − 1)/2 ∈ Z. Define a symmetric bicharacter χ
Note that Rad(χ
for some r, s ∈ Z. Hence, we have Ξ k (A, χ) = r + s √ −1. On the other hand, we know that Ξ k (A, χ) is a root of unity. Therefore, Ξ k (A, χ) is one of ±1, ± √ −1.
We can know parities of r and s by Corollary 2.7.
, then r is odd, and hence Ξ k (A, χ) must be ±1. Otherwise, s is odd, and hence Ξ k (A, χ) must be ± √ −1.
The definition of χ ′ k in the above proof seems to be technical. Moreover, χ ′ k cannot be defined if |A| is even. In the case where |A| is a 2-group, we can prove the following lemma by using Galois theory.
Proof. Write ξ = Ξ k (A, χ) for convention. We may assume that ξ = 0. Let N be the exponent of A. Since A is a 2-group, N is a power of two. Fix a primitive N -th root ζ of unity. Then
where ζ ′ is a primitive 8N -th root of unity. Thus the order of ξ is a power of two, say 2 r . Now we consider the Galois group Gal(Q(ξ)/Q). As is well-known,
On the other hand, if σ ∈ Gal(Q(ξ)/Q), then we have
by Lemma 2.1 and the isometry invariance. Therefore r ≤ 3, and hence ξ 8 = 1.
Proof of Theorem 3.5 . This is a consequence of the previous two lemmas. Let A 1 be the set of all elements of A of odd orders and let A 2 be the Sylow 2-subgroup of A. By the fundamental theorem of finite abelian groups and the Chinese remainder theorem, we have a decomposition (A, χ) ∼ = (A 1 , χ 1 ) × (A 2 , χ 2 ) where χ i is the restriction of χ to A i . By the multiplicativity,
It follows from the previous two lemmas that ξ ∈ µ 8 ∪ {0}. Also (a) and (b) follow from previous lemmas.
Remark 3.10. (i) In general, it is difficult to determine Ξ k (A, χ) explicitly. This problem involves the determination of quadratic Gauss sums; If A = Z N and
, where ζ is a primitive N -th root of unity,
otherwise.
(ii) Ξ k (A, χ) can be a primitive eighth root of unity. For example, if A = Z 8 and
On certain sums of indicators
We denote by ν n (H) the n-th Frobenius-Schur indicator of the regular representation of a semisimple quasi-Hopf algebra H. These numbers are interesting in the representation theory of Hopf algebras in view of their monoidal Morita invariance: Let H and L be two semisimple quasi-Hopf algebras. If Rep(H) and Rep(L) are monoidally equivalent, then ν n (H) = ν n (L) for all n.
For a pivotal fusion category C, we define ν n (C) by
Then ν n (C) = ν n (H) if C = Rep(H), see [9] . The results of Section 3 yield formulae for ν n (C) where C is a Tambara-Yamagami category, as follows.
χ(a i , a j ).
We also have:
for some r ≥ 0 and ξ ∈ µ 8 ∪ {0}. If |A| is odd, r = 0 and 
If G is a finite group, then ν n (CG) = |G[n]|. Frobenius proved that |G[n]| is divisible by n if n divides |G|. We call this fact Frobenius theorem for finite groups. One might ask whether ν n (C) has the same property. Motivated by this question, the author introduced the following definition in [9] . Definition 4.3. Let C be a pivotal fusion category such that dim(C) is a positive integer. We say that Frobenius theorem holds for C if ν n (C)/n is an algebraic integer for every n| dim(C).
We also say that Frobenius theorem holds for a semisimple quasi-Hopf algebra H if it holds for C = Rep(H). In [9] , the author showed that Frobenius theorem holds for various semisimple Hopf algebras and conjectured that it holds for every semisimple Hopf algebra. The author also pointed out that there exist many semisimple quasi-Hopf algebras for which Frobenius theorem does not hold.
It is interesting to investigate whether Frobenius theorem holds for TambaraYamagami categories. By results of Section 3, we can prove the following: (a) Let n be a divisor of dim(C) = 2|A|. Suppose that n is odd. Then, since |A| is odd, n is a divisor of |A|. Hence Frobenius theorem for finite groups yields that ν n (C) = |A[n]| is divisible by n.
Next, we suppose that n = 2k is even. Then k is a divisor of |A|. Put
by the assumption. Theorem 4.2 states that ν n (C)/n is of the form
This is an algebraic integer by Frobenius theorem for finite groups and the above remark.
(b) By Theorem 4.2, ν 2 (C)/2 is of the form (1 ± |A|)/2. Hence this is not an algebraic integer by the above remark. Suppose that there exists such a semisimple Hopf algebra H. Then Frobenius theorem holds for C. This can be proved without using any results of Section 3, as follows: Natale [15] showed that, if this is the case, H fits into a central extension
The author has showed that Frobenius theorem holds for such an H in [9] .
Hopf algebra with the traceless antipode
Kashina, Montgomery and Ng concerned in [7] whether there exists a semisimple Hopf algebra whose antipode has trace zero. In this section, we give an affirmative answer to this problem by using Tambara-Yamagami categories.
Let H be a semisimple Hopf algebra with the antipode S. We note that the trace of S is equal to ν 2 (H), the second Frobenius-Schur indicator of the regular representation of H. Suppose that Rep(H) is monoidally equivalent to T Y(A, χ, τ ) for some A, χ and τ . By using our formula, Tr(S) can be computed as follows:
Let C be a fusion category. It is known that there exists a semisimple Hopf algebra H such that C is monoidally equivalent to Rep(H) if and only if C admits a fiber functor, that is, a C-linear faithful exact monoidal functor from C to the category of finite-dimensional vector spaces over C.
Fiber functors of C = T Y(A, χ, τ ) was classified by Tambara in [20] . Suppose that |A| is square so that the Frobenius-Perron dimension of every object of C is an integer. Tambara showed that fiber functors of C is parametrized by pairs (σ, ρ) of an involution σ ∈ Aut(A) and a map
satisfying the following conditions:
2) Let χ be the bicharacter of V (σ) induced from χ. Then ρ ∈ C(χ) and the following equation holds:
The reader should refer to [20] for further details. In the original paper, the righthand side of equation (13) 
Then T Y(A, χ, −2 −2r ) admits a fiber functor.
Hence there exists a semisimple Hopf algebra H such that Rep(H) is monoidally equivalent to T Y(A, χ, −2 −2r ). It follows from (12) that the trace of the antipode of such an H is zero.
Proof. Define an involution σ ∈ Aut(A) by
Then χ(a, σ(a)) = 1 for all a ∈ A. V := V (σ) is computed as
Note that each component is isomorphic to the additive group of the field F 2 of two elements. 
Then we have that B(x, y) = q(x) − q(x + y) + q(y) for all x, y ∈ F Now our claim follows from the classification result of fiber functors of TambaraYamagami categories.
Computational examples
In this section, we determine Frobenius-Schur indicators of simple objects of Tambara-Yamagami categories associated with finite-dimensional vector spaces over F p = Z/pZ, where p is a prime number.
6.1. Odd characteristic. We first deal with the case where p is odd. Let V = F r p be an r-dimensional vector space over F p with e 1 , · · · , e r the standard basis. If B : V × V → F p is a bilinear form on V ,
is a bicharacter on V . The assignment B → χ B gives a bijection between bilinear forms on V and bicharacters of V . It is easy to see that χ B is a non-degenerate symmetric bicharacter of V if and only if B is a non-degenerate symmetric bilinear form. Letting r = 2 in Theorem 6.3, we obtain Table 1 . This table has been obtained by Ng and Schauenburg in [18] by using central gauge invariants of quasi-Hopf algebras.
It is known that a non-trivial semisimple Hopf algebra of dimension eight is unique up to isomorphism. Let B 8 be such a Hopf algebra. By computing fusion rules, we have that Rep(B 8 ) is monoidally equivalent to T Y(F and τ . The isometry class of χ and τ can be determined by a similar method used in the previous subsection. As computed by the author [9] , Thus, by the previous corollary, we have that Rep(B 8 ) ≈ T Y(F 2 2 , χ sym , +1/2) as monoidal categories. This result has been showed by Tambara and Yamagami in [21] by direct computation.
Of course, the same method can be applicable for group algebras of D 8 , the dihedral group of order eight, and that of Q 8 , the quaternion group of the same order. As showed in [21] , 
